Abstract. By taking quotients of a certain tiling of hyperbolic plane / space by certain group actions, we obtain geometric polyhedra / cellulations with interesting symmetries and incidence structure.
Introduction
I was fortunate to know and work with Bill Thurston. I am very thankful to Bill for this. We met when I was a postdoc at Cornell, and tried to figure out how many n-vertex triangulations the 3-sphere has, see [6] for the current bounds. Originally we hoped that the construction described below would yield many (2 Ω(n 3/2 ) ) n-vertex triangulations of 3-manifolds -essentially by adding one diagonal per each octahedron to obtain a triangulation, following [6] -however, Lemma 2.3(4) explains why this is not possible for our construction.
On the other hand, this construction leads to partially balanced incomplete block designs (PBIBDs) with extra structure on incidences, which seem to be new. Specifically, for every prime q > 3 we obtain a PBIBD with blocks of size 6, v = blocks, each vertex is in exactly q blocks, q(q 2 −1) 8 of the 2-subsets are in 5 blocks and the others are is 0 blocks. The extra structure is that incidences between 2-subsets and blocks can be colored by 2 colors such that for each 2-subset which belongs to blocks, 1 incidence is red and the other 4 are blue.
The construction is based on quotients of hyperbolic 3-space tiled by octahedra, by certain discrete subgroups of the Picard group. Applying this method to the hyperbolic plane tiled by ideal triangles, we recover polyhedral surfaces constructed by McMullen [5] and Wajima [8] .
Construction
Our construction is based on discrete subgroups of the Picard group acting on hyperbolic space. Let Z[i] be the gaussian integers. Then Γ := P SL 2 (Z[i]) is a discrete subgroup of P SL 2 (C) which acts on the hyperbolic 3-space H = H 3 by orientation preserving isometries, given by Möbius transformations on the boundary C ∪ {∞}. The quotient space H/Γ is an orbifold: topologically it is the 3-sphere minus one cusp point. It is the double of a simplex having a chain of 3 edges with angles π/4, π/4, π/3 and all other angles π/2, Cf. [3, 
If G is any torsion-free subgroup of Γ with index [Γ : G] = m, then H/G is a 3-manifold (with cusps) which is an m-cover of H/Γ, where each cusp of H/G is a torus. In this case, G intersects trivially the orientation preserving isometry group of the octahedron, denoted by O, and hence a tiling of H by octahedra, on which Γ acts, induces a tiling of H/G by octahedra, on which Γ/G acts.
The tiling of H we have in mind is the following: in the upper half space model, look on the radius
hemispheres with centers at ( i consist of 4 arcs bounding a square on this hemisphere (its vertical projection on the bottom plane C is the unit square with vertices 0, 1, i, 1 + i), above which is the upper half of an ideal octahedron T , and its other half is obtained by inversion of the upper half w.r.t the hemisphere with center at i and ∞ are opposite vertices in this octahedron, denoted by T .
Note that Γ∩O has order 12, and acts transitively on the vertices, and on the edges of T (but not on the (vertex,edge) flags). In fact, using the Euclidean octahedron, the elements of Γ ∩ O are rotations by multiples of π/3 degrees around either of the 3 axes through centers of opposite triangles, and rotations by multiples of π (but not π/2 !) degrees around either of the 3 axes through opposite vertices. We omit the computation.
The quotient of T by Γ ∩ O gives the Ford fundamental domain H/Γ described earlier. The tiling of H by octahedra we look at consists of the octahedra Γ(T ). See [4] for more details and pictures.
For any prime ideal I of Z[i] with quotient field F q of order q, let Γ 0 (I) be the kernel of the surjective map P SL 2 (Z[i]) → P SL 2 (Z[i]/I). If the characteristic of F q is not 2, then Γ 0 (I) is torsion-free. This is known. As we could not find a reference, here is a proof. Indeed, the characteristic polynomial of an element A ∈ Γ 0 (I) over C is p A (x) = x 2 − (2 + a)x + (1 + b) where a, b ∈ I. If A is torsion, A must be diagonalizable over C, with eigenvalues being two conjugated roots of unity in the set {±1, ±i,
2 and A must be the identity. Assume the characteristic of F q is not 2. 
. The number of octahedra is (2) and (3), it is enough to consider the cusp "at infinity" (namely, the one not in the bottom plane C), as Γ acts transitively on the edges of the tiling of H, hence acts transitively on the cusps.
Note that whenever a group G acts on a space X and H is a normal subgroup of G, then the action of G/H on X/H satisfies for any x ∈ X and its imagex ∈ X/G that their stabilizers are related by
Hence, the stabilizer in P SL 2 (F q ) of the cusp at infinity in H/Γ 0 (I), denote it simply by Stab(∞), consists of the distinct representative matrices [ u x 0 u −1 ] with x ∈ F q and u ∈ {1, i}, thus it has size 2q. By (1), the number of cusps is (q(q 2 − 1)/2)/2q = (q 2 − 1)/4. The edges at infinity in the tiling of H are the lines from the points Z[i] in the bottom plane that are perpendicular to the bottom plane, thus the torus at infinity in H/Γ 0 (I) has a tiling by q squares and q vertices, isomorphic to Z[i]/I. Note that the underling space is a pseudomanifold where the vertex links of the added points are tori. Following [6] , recall that a cellulation C of a manifold (or other topological space) M is a finite CW complex whose underlying space is M. C is regular if all the closed cells are embedded, and strongly regular if in addition the intersection of any two closed cells is a closed cell.
Next, we verify that
First, we need the following key lemma. Proof. (1) As Γ acts transitively on the octahedra of the tiling, it is enough to show that the octahedron T has 6 distinct vertices in H/Γ 0 (I). As Γ ∩ O acts transitively on the vertices of T in H, and includes π-rotations through antipodal vertices, we only need to check that ∞ is in a different cusp then each of the vertices 0, 1,
(2) By the transitive action of Γ/Γ 0 (I) on the cusps, it is enough to show that any two edges in H with one end at infinity have the other ends, denoted by v, z ∈ Z[i] at two different cusps in H/Γ 0 (I).
Let φ = [
Similarly, for z we have 
(3) As Γ acts transitively on the octahedra in the tiling and Γ ∩O acts transitively on the vertices of T , it is enough to show that if T ′ is an octahedron in the tiling which share the cusps at 
, up to Γ 0 (I). We compute the intersection of these stabilizers in P SL 2 (F q ), by equating the two types of matrices. Modulo p, the bottom-left equation gives, for q > 3,
In the first case (using q > 3 again) we get b ≡ 0 and ψ is the identity permutation. In the second case b ≡ i − 1, substituting in top-left and bottom-right gives ψ = [
] which permutes the vertices of (Euclidean) T by π-rotation w.r.t. the axis through the vertices (4) First, let T ′ be an octahedron in the tiling with opposite ends at cusps a, b. We need to show that there is an edge between a and b. Again, as the action of Γ is transitive on pairs of antipodal ideal vertices of the octahedra, we can assume that T ′ = T and a = ∞, b = i in H/Γ 0 (I). First, we will show that there is φ ∈ Γ 0 (I) for which φ(0) = ( For φ = ap + 1 bp cp dp + 1 , φ(0) = bp dp+1
. As I is prime we can write I = (p). For choosing z = x + iy with x, y ∈ Z we distinguish between the two types of primes p can be: either p = 4m + 3 for an odd prime p ∈ Z and m an integer, or p = s + it for integers s, t with s 2 + t 2 = q > 3; in particular s = t(mod 2). In the first case let x = y = 2m + 1. In the second case, p(1 + i) = (s − t) + i(s + t) and let x = + y) and with determinant 1 = (ap + 1)(dp + 1) − bpcp. In the first case,
, thus (1 − i)b = dp + 1. As 1 − i is nonzero in F q there are b, d ∈ Z[i] satisfying this. The determinant condition reads as a(dp + 1) + c(−bp) = −d. As dp + 1 and −cp are coprime, there are a ′ , c ′ in the Euclidean domain Z[i] with a ′ (dp + 1) + c ′ (−bp) = 1; multiplying them by −d gives a, c as desired.
In the second case,
, thus (1 − i)b = dp + 1. Again, for q > 3 there are b, d satisfying this equation, and again the determinant condition has some a, c solving it.
We have shown that every pair of antipodal vertices in some octahedron of the cellulation is an edge. There are several ways to see the reverse implication, here we argue by counting: by part (3), the triples of antipodal pairs of different octahedra are disjoint, thus by Lemma 2.1(1) there are 3
such pairs of vertices. By Lemma 2.1(2,3) the number of edges in the tiling is also
, so by the first implication we are done.
Proof of Theorem 2.2: Parts (1,2,3) in the Lemma 2.3 guarantee that the onepoint compactification at each cusp gives a regular cellulation by octahedra, call it X, such that its 2-dimensional skeleton is strongly regular.
Part (4) shows that a pair of vertices in X forms an edge iff it forms a diagonal in some 3-cell. This yields PBIBDs with an extra property, as follows. Remark 2.5. In case q = 5, there are 6 vertices, 5 octahedra, and 5 squares per torus cusp -so the graph is complete, namely K 6 . Identifying each octahedron with its 3 diagonals, by Lemma 2.3 we obtain a 1-factorization of the edge set of K 6 , namely a partition of the 15 edges into 5 triples where each triple is a (perfect) matching in K 6 . For more on 1-factorizations on K 6 see e.g. [2, Chapter 6].
Polyhedral surfaces
We can get a sequence of regular polyhedral surfaces by a construction similar to the previous one. These were constructed by McMullen [5] and Wajima [8] , by a different approach -starting from the symmetry group, which is slightly bigger than P SL 2 (q), and without refereing to the tiling of the hyperbolic plane.
The construction: look on P SL 2 (R), the group of orientation preserving isometries of the hyperbolic plane H 2 , given by Möbius transformations on the upper half plane model.
Tile H 2 by ideal triangles as follows. In the half plane model, let ∆ be the ideal triangle with vertices 0, 1, ∞, then its images P SL 2 (Z)(∆) is the tiling of H 2 we speak of. For an odd prime q let Γ 0 (q) be the kernel of the surjective map P SL 2 (Z) → P SL 2 (Z/qZ), so it is torsion-free. Then H 2 /Γ 0 (q) is a surface with cusps, each cusp looks like a q-cycle. We make it a surface X by compactifying each cusp by adding one point to it.
The following lemma deals with the combinatorics of the surface X. triangles.
Proof.
(1) First we make sure that the vertices of each triangle are in 3 different cusps. As P SL 2 (Z) acts transitively on the triangles of the tiling of H 2 we may assume the triangle is ∆, and as P SL 2 (Z) contains the 3 rotations of ∆ it is enough to check that 0 and ∞ are in different cusps of H 2 /Γ 0 (q). This we do by showing they have different stabilizers in P SL 2 (q).
The stabilizer in P SL 2 (Z) of ∞ ∈ H 2 consists of the distinct representative matrices [
To complete the proof that X is a simplicial complex we need to check there are no multiple edges between any pair of cusps. Again, by the transitive action of P SL 2 (Z) on the cusps, and on edges of the tiling in H 2 , we only need to show that for two edges from ∞, with the other ends at v, z ∈ Z, one has v = z (mod q). Again, we compare stabilizers.
Stab(v) = [
If these stabilizers are equal, then the bottom-left entry of the matrices gives, modulo q, x ≡ x ′ so for x nonzero by the top-left entries we get v ≡ z.
Mod Γ 0 (q), the horocycle at ∞ looks like a q-cycle, each of its edges corresponds to a triangle with a vertex at ∞. By transitivity of the action of P SL 2 (q) on the cusps, all vertex links look the same.
(
and as we saw the stabilizer of a cusp has size q, so we get v = q 2 −1 2
. Each cusp looks like a q-cycle, so the graph is q regular and we get e = qv/2. As Γ contains 3 of the symmetries of ∆ (by rotations), t = |P SL 2 (q)|/3.
We now verify that X we constructed is the same as the polyhedral surfaces described by McMullen in [5, Theorem 2] . We use the notation as appears there, and do not repeat his construction . ] : x ∈ F q }. Thus, as P SL 2 (q) acts transitively on both V (X) and V (Π), the map f (g(∞))) = g([0, 1]) for g ∈ P SL 2 (q) is a well defined bijection from V (X) to V (Π). Fix an orientation on X and Π, induced by a fixed orientation on their common universal cover, namely H 2 (in case q = 5 the universal cover is the 2-sphere, and both X 5 and Π 5 are the icosahedron). To see that f induces a combinatorial isomorphism from X q to Π q , first note that the links of both ∞ and [0, 1] are q-cycles. To finish, it is enough to notice that P SL 2 (q) acts transitively on oriented flags (v, e, t), namely a vertex v in an edge e in a triangle t, such that the orientation from v to e to t agrees with the orientation of the surface.
Concluding remarks
Hopefully this note will be useful for future research. Natural questions that arise are to analyze similar constructions where the hyperbolic space / plane is tiled by different tiles, and where quotients by different discrete subgroups are taken. In this note we have not explored these directions. For related works from the point of view of abstract polytopes see [7] and references therein, and for constructions of 3-designs from P SL 2 (q) see [1] and references therein.
The 1-skeleton of the objects constructed are q-regular graphs of order Θ(q 2 ). Their expansion properties are another direction not explored here.
